ABSTRACT The fifth generation (5G) of mobile communications systems plans to support different types of applications, where each of these applications may have different requirements. For this reason, the main characteristic of 5G mobile communications systems is the flexibility of their architecture. An interesting proposal that can meet the requirements of these applications is the multi-carrier waveform Generalized Frequency Division Multiplexing (GFDM). However, due to its multi-carrier nature, this new waveform is highly sensitive to non-linear distortions arising mainly from high-power amplifiers (HPA). In addition, the wideband characteristics of multi-carrier signals result in frequency-dependent distortions, typically know as memory effects. This paper presents the development of closed-form analytical expressions that could be used to evaluate the impact of the distortions induced by non-linearities with memory in the outof-band emissions and the bit error rate performance of GFDM-based systems. The resulting analytical expressions are general enough to obtain numerical results for different parameters of the GFDM-based system.
I. INTRODUCTION
The main feature in the evolution of mobile communication systems was the progressive increase of the transmission data rate. Unlike its predecessors, it is expected that the next generation of mobile communication systems (5G systems) will have the flexibility of its architecture as main feature, mainly due to the fact that it is expected that diverse applications can be implemented over these communication systems. Some of these applications are: Tactile Internet [1] , Machine Type Communications [2] , Cognitive Radio [3] , Industrial Automation [4] , and Autonomous Vehicles [5] . The flexibility of the 5G mobile communication systems is required because in addition to a high data rate, each of these applications has different requirements that may include: ultra low latency, long battery life, low out-of-band emission among others.
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Proposals to meet the requirements of 5G systems that can be found in literature include: Massive MIMO systems [6] , mmWave systems [7] and new waveforms [8] . Although many new waveforms have been proposed in recent years [8] , [9] , many researchers around the world considers (mainly because of their flexibility) that the most promising waveform is the Generalized Frequency Division Multiplexing (GFDM). GFDM is a non-orthogonal multicarrier waveform that transmit a data block composed of M sub-symbols and N sub-carrier which are cyclic filtered by a shaping pulse that is shifted into frequency and time domains [10] . Studies on GFDM that can be found in the literature include: Bit Error Rate (BER) analysis in different scenarios [11] - [13] , spectral analysis [14] - [16] , receiver and filter design [17] - [19] , interference mitigation [20] , [21] , practical implementation [22] , [23] among others. Despite the great advantages of this new waveform, due to its multi-carrier nature, the GFDM is highly sensitive to VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4. [24] - [26] . These studies presents results on the performance of GFDM-based systems in terms of spectral efficiency and bit error rate, obtained by computer simulations and restricted to memory-less non-linear systems. Unlike the previously mentioned studies, this paper presents the development of closed-form analytical expressions that could be used in the spectral and bit error rate performance analysis of GFDM-based systems operating over non-linear systems with memory. These non-linear systems with memory, are defined using the Wiener-Hammerstein model. The rest of the paper is organized as follows. Section II presents the considered GFDM signal and the model of the non-linear system with memory. Section III shows the development of mathematical expressions to be used for spectral and bit error rate analysis of GFDM-based systems operating over non-linear systems with memory. Numerical results obtained using these mathematical expressions are presented in Section IV and finally, in Section V some conclusions are drawn.
II. SYSTEM MODEL A. GFDM SIGNAL
The low-pass equivalent of the GFDM signal can be described by [14] , [27] 
withx k (t) representing the GFDM symbol written as
where X k,n,m denotes the m-th complex sub-symbol transmitted over the n-th subcarrier in the k-th time interval, N the number of sub-carriers, M the number of sub-symbols, T s the sub-symbol duration, T = MT s the GFDM symbol duration and g m (t) the shaping pulse, defined as
with w T (t) being a windowing pulse of duration T and g(t) denoting a periodic pulse with period T .
1) POWER SPECTRAL DENSITY
The auto-correlation function (ACF) of the GFDM signal, described by
is given by
Considering that, for different subcarriers and time intervals, sub-symbols X k,n,m are statistically independent, that is,
it is possible to rewrite (5) as
where E X denote the mean energy of sub-symbols X k,n,m . Due to the ACF of the GFDM signal is periodic in time with period T , the mean of the ACF is defined as
From (7) and (8) and after some mathematical manipulations is possible to writē
Ts (9) where p m (τ ) = g m (τ ) * g * m (−τ ) with '' * '' representing the convolution operation. Finally, the power spectral density of the GFDM signal is given by the Fourier transform ofRx(τ ), meaning that,
where P m (·) denote the Fourier transform of p m (·). Considering the definition of p m (τ ), is possible to rewrite (10) as
with G m (f ) representing the Fourier transform of g m (t).
• General expression for G m (f ): Considering (3), is possible to define G m (f ) as
with W T (f ) and G(f ) representing the Fourier transform of w T (t) and g(t) respectively. Since g(t) is a periodic pulse of period T , its Fourier transform is given by
where G T (·) denote the Fourier transform of the truncated version (in a period T ) of g(t). After some mathematical manipulation, is possible to rewrite (12) as or, by substituting (13) into (14),
In order to demonstrate the use of the previously developed mathematical expressions, Fig. 1 shows power spectral density curves for GFDM signals considering different values of M . In this figure it was also considered that T s = 1µs, N = 64, w T (t) is a rectangular pulse and g(t) is a raised cosine shaping pulse.
B. NON-LINEAR SYSTEM WITH MEMORY
In this work, the Wiener-Hammerstein model is used to characterize the non-linear system with memory. As can be seen in Fig. 2 , two linear time-invariant systems (with impulse responsesũ(t) andh(t)) are used to consider the memory effects of the non-linear system. The memoryless non-linearity in Fig. 2 is assumed to be of polynomial type [28] , that is,
with L denoting the maximum odd order of the non-linearity and γ 2 +1 the coefficients used for modeling the non-linearity. Note that, the relationship between the input and output signals of the non-linear system presented in Fig.2 can also be modeled using the Volterra series [29] , that is,
withk 2 +1 (α 1 , . . . , α 2 +1 ) denoting the Volterra kernels defined bỹ
III. PERFORMANCE EVALUATION A. SPECTRAL ANALYSIS: OUT-OF-BAND EMISSIONS
The Price's Theorem for complex values [14] , [30] , states that the relationship between the ACFs of inputs and output signals of a memory-less non-linear system is given by
Considering (16), is possible to rewrite (19) as
The expected value in (20) can be computed using the Reed's Theorem [31] . Note that, using (20) , is posible to compute the ACF of the memory-less non-linear output signal, for instance, if a third order non-linearity is considered (meaning that L = 1), the ACF ofw(t) is defined by
where Rz(τ ) represent the ACF ofz(t) and the complex coefficients C 1 and C 3 are given by
and
respectively. In (22) , Pz represent the mean power ofz(t) and can be computed using
The power spectral density ofw(t) is then obtained applying the Fourier transform to Rw(τ ), thus,
with Sz(f ) representing the power spectral density ofz(t) given by
Finally, the power spectral density of the non-linear output y(t) can be obtained using
In (26) and (27) ,Ũ (f ) andH (f ) denote the Fourier transform ofũ(t) andh(t) respectively. In this work, the spectral analysis is quantified according to the out-of-band emissions (OOB) of the GFDM signal. The OOB is defined as the ratio between the energy that is inside and outside a certain allocated bandwidth B [14] , [32] .
B. BIT ERROR RATE
According to the Bussgang's Theorem [33] , in any time interval the relationship between the input and output signal of a memoryless non-linear channel is defined as
where α is a complex coefficient that, for a third-order memoryless non-linearity of polynomial type, is given by
and b k (t) represent a zero mean non-linear noise uncorrelated ofz k (t). For a larger number of subcarriers this non-linear noise can be approximated by a random Gaussian process. The received signal distorted by the non-linear channel and corrupted by an additive white Gaussian noise (AWGN), with power spectral density N 0 , is given bỹ
where the non-linear distorted outputỹ k (t) can be write as
To obtain analytical expressions for the bit error rate of GFDM systems, matched filters are considered in the receiver as shown in Fig. 3 . According to this block diagram, the m-th complex sub-symbol received on the n-th subcarrier in the k-th time interval is given bŷ
Ts dt.
By using (2), (32) and (31) it is possible to rewrite (33) aŝ
where I k,n,m represents the self-interference of the GFDM symbol given by with R (n,m)
Still in (34), B k,n,m denotes the term due to the non-linear noise given by
N k,n,m represents the term due to AWGN given by
Ts dt (38) and R n,m represents a particular case of R (n,m)
• Characterization of I k,n,m : From (35) and using the Central Limit Theorem, it is possible to approximate the self-interference I k,n,m (for larger values of M and N) by a gaussian random variable with zero mean and variance
• Characterization of B k,n,m : From (37) and considering the statistical characteristics ofb k (t), it can be shown that B k,n,m is a gaussian random variable with zero mean and variance given by
with Sb k (f ) denoting the power spectral density ofb k (t). For a third-order memoryless non-linearity of polynomial type, Sb k (f ) is given by
(42)
• Characterization of N k,n,m : From (38) and considering the statistical characteristics of the AWGN,ñ(t), it results that N k,n,m is a gaussian random variable with zero mean and variance σ 2 N n,m = N 0 R n,m . Assuming that the GFDM receiver has a perfect knowledge of R n,m , the decision can be made based on the variable
where
is a zero mean gaussian random variable with variance
(45) The approximated bit error rate (BER) for each subsymbol and subcarrier of a GFDM system using a M-PSK modulation is given by
where Q(·) is the well-known Q-function defined by [34] Q
Finally, the average BER can be computed bȳ
IV. NUMERICAL RESULTS
In this section, the mathematical expressions previously developed are used to evaluate the performance of a particular GFDM systems using BPSK modulation with sub-symbol duration T s = 1µs. In this particular case, is also considered that w T (t) is a rectangular windowing pulse and g(t) is raised cosine shaping pulse, periodic with period T , meaning that, the truncated version of g(t) is given by
where β denotes the roll-off factor of the raised cosine shaping pulse. The non-linear system is considered of third order with complex coefficients γ 1 = 1 and γ 3 = −0.25 [14] and the frequency response of the two linear time-invariant systems are given bỹ
where B 0 denotes the 3dB bandwidth. Results were obtained for different values of Input Back-Off (IBO), defined as IBO = 10 log 10 P sat P in (52)
with P sat and P in being the saturation and average input power, respectively.
A. OUT-OF-BAND EMISSIONS
Figs. 4 and 5 shows the power spectral density of the non-linear distorted GFDM signal for different values of the parameters N and M and considering IBO = 4 dB and β = 0.5. At this point, is good to point out that these figures were obtained using only (11), (25), (26) and (27) .
All these figures, also shows the power spectral density of the input GFDM signal with the same parameters. Fig . 4 shows the power spectral density for a GFDM signal with a specific number of subsymbols (M = 12) and for different numbers of subcarriers (N = 12, 32, 48, 64). As can be seen in these figures, the larger the value of N , the lower the out-of-band emissions of the non-linear distorted signal. Analogously, Fig. 5 illustrate the power spectral density for a GFDM signal with a specific number of subcarriers (N = 64) and for different numbers of subsymbols (M = 1, 12, 32, 64). Again, from this figure it is possible to conclude that, the larger the value of M , the lower the outof-band emissions of the non-linear distorted GFDM signal. Note that, the exact values of the OOB emissions can be computed using (27) and, for the specific values considered in this section, they are listed in Table 1 . In order to demonstrate the robustness and flexibility of the develop analytical expressions, this figure also shows the power spectral density of a GFDM signal distorted by a memory-less non-linear system with the same parameters. As expected, this figure confirms that the larger the IBO value, the lower the out-of-band emission of the non-linear distorted GFDM signal. The exact values of these emissions are listed in Table 2 . 
B. BIT ERROR RATE
To obtain the BER of GFDM-based systems (46), (48) and (49) were used. For comparison purposes, Figs. 7 to 10 show BER curves corresponding to GFDM-based systems corrupted by AWGN and non-linearities and BER curves of GFDM-based systems corrupted only by AWGN. The effect of the total number of subcarriers N on the BER of a GFDM-based system with IBO = 4 dB and β = 0.5 is illustrated in Fig. 7 . This figure indicates that the BER varies very little with N , for both situations considered AWGN with and without a non-linear system with memory. To illustrate the effects of the total number of sub-symbols M , Fig. 8 shows the BER curves for a GFDM-based system with IBO = 4 dB, β = 0.5 and for different values of M . This figure confirms that, the larger the value of M the worse is the performance of the GFDM system. Note that, the curve for m = 1 also represent the BER of a classical OFDM system and as can be seen in Fig 8, it has the worst BER performance.
The effect of the shaping pulse on the BER of GFDM-based systems with IBO = 4 dB, M = 7, N = 64 and for different values of β can be visualised in Fig. 9 . This figure shows that, the larger the value of β, the worse the performance of the system. Finally, to illustrate the effects of the non-linear system with memory, Fig. 10 presents the BER of GFDM-based systems with M = 7, N = 64, β = 0.5 and for different values of IBO. This figure confirms that the closer to the linear region the non-linear channel operates, the better is the performance of the system. 
V. CONCLUSION
This paper presented the development of closed-form analytical expressions that can be used to evaluate the performance of GFDM-based systems operating over non-linear systems with memory. The considered performance metrics were the out-of-band emissions and the bit error rate. As shown in Figs. 4 to 6 the analytical expressions obtained for the power spectral density of the non-linear distorted GFDM signal are general enough to be used with different parameters of the GFDM-based system and of the non-lineariaty. In addition, these expressions allow for easily obtained out-of-band emission values. Analogously, as shown in Figs. 7 to 10, the derived analytically expressions for the bit error rate, can easily provide BER performance curves for different parameters of the GFDM-based system and of the non-linearity with memory.
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